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ABSTRACT 
We extend finite dimensional results of Han and Mangasarian characterizing 
positive semidefinite matrices. We solve a linear complementarity problem for an 
operator defined on a Hilbert space, and state a generalization oI Moreau's theorem. 
1. INTRODUCTION 
In [2], Han and Mangasarian proved the following result (for notation, see 
Section 2): 
THEOREM [2, Theorem 3.1]. Let T be an n × n matrix on R n, and K be 
a closed convex cone in R". Suppose that 
(i) T is PSI:) plus on K, 
(if) T is PSD on K T, and 
(iii) (T + T*)K is closed. 
Then T is PSD on H. 
[Actually, in [2], Theorem 3.1 is proved for a closed convex cone which 
either is polyhedral or satisfies K N Ker(T + T*) c - K. Han and Mangasarian 
deduce Theorem 3.1 from Theorem 2.3 of [2]. It can be shown (as Han and 
Mangasarian observe) that Theorem 2.3 of [2] (and hence Theorem 3.1 of [2]) 
holds when (T + T*)K is closed in Rn.] 
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In this paper, we generalize this result (in some special cases) to a Hilbert 
space operator. We do this by solving a linear complementarity problem 
(Theorem 3.3). We also state a generalization of Moreau's theorem (Remark 
1). The essential ideas required to prove these results come from [2] (particu- 
larly from Lemma 2.1 and Theorem 2.3 of [2]). 
2. PRELIMINARIES 
Throughout this paper, (H, ( . , - ) )  denotes a real Hflbert space. T (with 
adjoint T*) is a bounded linear operator on H, and K is a closed convex cone 
in H. 
We say that 
(1) T is PSI) (positive semidefinite) on K if (Tx, x) >~ 0 (Vx ~ K ). 
(2) T is PSD plus on K if T is PSD on K and x ~ K, (Tx, x) = 0 
(T + T*)x = O. 
(3) T is PD (positive definite) on K if (Tx, x) > 0 (Vx ~ K, x -~ 0). 
(4) T is coercive on K if there is an a > 0 such that (Tx, x) ~ altxll 2 
(Vx ~ K). 
This a will be called a coercive constant. 
(5) A real valued function Q(x) is WLSC on K if Q(x) is lower 
semicontinuous on K with respect o the weak topology. 
We define the polar of K by 
K*= 
The polar of  K with respect o T is defined by 
K r= {y~H: (y , (T+T*)x )<~OVx~K}.  
We note that K 7"= K T, T*, and when K is a subspace, 
K T= [(T + T*)K] ± 
3. RESULTS 
We now prove a generalization of the theorem in Section 1 when K is a 
subspace. We do not know if the result holds when K is a closed convex cone. 
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THEOnEM 3.1. Let S be a subspace of H. Suppose that 
(i) T is PSD plus on S, 
(ii) T is PSD on S T, and 
(iii) (T + T*)S is closed. 
Then T is PSD on H. 
Proof. Let z~(S--~-ST) ± =S ± ¢q(T+T*)S [we have used (iii) here]. 
Then z = (T + T*)w for some w ~ S and 
<Tw,w> =½((T + T*)w,w) =½<z,w> =0. 
By (i), z = (T + T*)w = 0; so S + S T is dense in H. It suffices to show that T 
is PSD on S + S T. Let x ~ S and y ~ S T = [(T + T*)S] ±. Then 
<T(x +y) ,x  + y)= <Tx, x)+<Ty, y) >10. • 
Before proving further results, we make some observations. In R", T is 
PD on K if and only if it is coercive on K. It is this coercive condition which 
will be imposed on T in the Hflbert space case. 
In R", Q(x)= ~Tx, x) is continuous and hence lower semicontinuous 
with respect o the weak topology of R". (Recall that on R", weak topology 
= norm topology.) This fails in H. But, as the following proposition shows, 
Q(x) is WLSC on H whenever T is PSD on H. This proposition is well 
known (see, for example, Lemma 8.1, p. 544 of [3]). 
PlaOPOSlTION3.2. I fT is  PSDonH, thenQ(x)=(Tx, x) is WLSConH. 
Proof. Let x, y ~ H. By Q(x - y) >1 0, we get 
(Tx, y) <~ (Tx, x) - (T'x,  y) + (Ty, y). 
Let y -o x weakly to get (Tx, x) <~ liminf(Ty, y). 
A Linear Complementarity Problem 
THEOREM 3.3. Let F(x )= Tx + q, where q ~ H and T is self-ad]oint. 
Sup'pose that 
(i) T is coercive on K, and 
(ii) Q(x)= (Tx, x) is WLSC on K. 
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Then there exists an a ~ K satisftjing the 
Variational inequality: Vx ~ K, (F(a), x - a) >/0. 
This a solves the 
Linear complementarity problem: 
Vx K 
Find a ~ K such that 
and (F(a) ,a)=O. 
Proof. Suppose that a is a coercive constant of T, and let f(x) = (Tx, x) 
+2(q,  x) = (F(x)+ q, x). We claim that 
where 
For, if x ~ K \ L then 
inf f (  x ) = inf f (  x ), 
x~K x~L 
L = {x ~ g:llxll ~< 211ql____!ra }" 
f (x )  >/al lxl l  2 - 211qll tlxll 
o = f(o) 
>/ inf f (y ) .  
Now, L, being norm closed, bounded, and convex, is compact with respect o 
the weak topology (cf. [1, Theorem 13, p. 422; Corollary 8, p. 425]). Since 
f(x) is WLSC on K, there exists a ~ L c K such that 
f (a )= inf f (y )= inf f (x) .  
yE I ,  xEK  
By convexity of K we have 
f (a )~f (a+X(x -a ) )  [VX ~ (0,1) and x ~ K] 
= f (a )+2X(F(a) ,x -  a) + XZ(T(x -a ) ,x -  a). 
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Therefore, 
2(F (a ) ,x -a )>~ -k<T(x -a ) ,x -a )  [Vkc(0 ,1 ) ] .  
Letting X ~ 0, we get 
(F (a ) ,x -a )>~O (Vx ~ K). 
Since K is a cone, putting x = 0 and x = 2a successively in the above 
inequality, we get 
(F (a ) ,a )=O andhence (F(a),x)>~O (Vx~K) .  • 
COROLLARY 3.4. Let T( = T*) and K be as in Theorem 3.3. Then any 
z ~ H can be written as 
z=a+b;  a~K,  b~K T, and (Tb, a )=0.  
Proof. Let z ~ H, and define q = - Tz. Then by Theorem 3.3, there is 




Put z - a = b to get the required decomposition. 
REMARK 1. In [4], Moreau proved the following restdt (see also [5]): Let 
K be a closed convex cone in a real Hilbert space (H, ( , )). Then any z ~ H 
has the decomposition 
z=a+b;  a~K,  b~K* ,  and (a ,b )=0.  
Theorem 3.3 (with Corollary 3.4) can be modified to get the following 
GENERALIZATION OF MOREnU'S THEOREM. Let (X, ll'll) be a reflexive 
Banach space. Let ( , ) be a real, symmetric (means ( x, y ) = ( y, x ) 
V x, y ~ X ), continuous (means 3C > 0: Kx, ~/)1 ~< CIIxll Ilyll V x , y c X )  hi- 
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linear functional on X. Let K be a closed convex cone in X. Suppose that 
(i) there is an a > 0 such that ( x, x) >1 allxt[ 2 (Vx ~ K), and 
(ii) Q(x)= (x ,x)  is WLSC on g. 
Then any z ~ X has the decomposition 
z=a+b;  a~K,  b~K* ,  and (a ,b )=0,  
where K* = (y ~ X: (x, y) <~ 0 Vx ~ K }. 
The existence of a in K for any z can be seen by minimizing f (x )= 
(x, x) - 2(z, x) over K. [Just as in the proof of Theorem 3.3, infxe n f (x)  = 
infx~ L f(x), where L is a suitable bounded, closed convex subset of X. By 
reflexivity of X, L is weakly compact. Now imitate the proof of Theorem 
3.3.] 
COROLLARY 3.5. Suppose that 
(i) T is coercive on K (with constant a), and 
(ii) T is PSD on K r. 
Then T is PSD on H i f f  Q( x ) = ( Tx, x) is WLSC on K. 
Proof. If T is PSD on H, then by Proposition 3.2, Q(x) is WLSC on K. 
So assume that Q(x) is WLSC on K. By Corollary 3.4 (applied to T + T* and 
K), any z E H can be written as 
z=a+b;  a~K,  
Then 
b~ K r, and ( (T  + b) = O. 
(Tz, z)  = (Ta, a) + ( (T  + T*)a, b) + (Tb, b} 
>~ allal[ 2 +0+0 [by (i) and (ii)]. 
Hence T is PSD on H. 
REMAaK 2. In Corollary 3.5, ff T is PD on K T also, then T is PD on H if 
and only if Q(x) is WLSC on K. When specialized to R", we get part of 
Theorem 3.6 of [2]. 
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COROLLARY 3.6. Suppose that 
(i) T is PSD on K, 
(ii) T is coercive on K T, and 
(iii) (T + T*)K is closed in H. 
Then T is PSD on H i f  and only i f  Q(x) = (Tx, x)  is WLSC on K T. 
Proof. Using (iii), we show that (KT)  T= K+Ker (T+T*) .  Since (i) 
implies that T is PSD on K +Ker(T + T*), replacing K by K T and K r by 
(KT)  T in Corollary 3.5, we get the result. To show that (KT)  T = K + Ker(T + 
T*), we imitate the proof given in [2] (for Lemma 2.5). Without loss of 
generality, let T = T*. It is easy to show that 
[ T- 1(C)] ,  = closure[ T(C*)] 
For any closed, convex cone C c H. We have 
(KT) v= T- ' ( (KT)* )  = T ' ( [T - I (K* ) ]* ) .  
= T- '(cl[ T(K**)] ) = T- l(cl[  T(K )]) 
= T- I (T (K) )  [by (iii)] 
= K + Ker T. 
(since K**=K)  
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